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PART I

The several statistical approaches to tho problem or
signal dotoctability vhich have appeared in the literature are
shown to be essentially equivalent. A cencral theory based on like-
lihood ratio embraces the criterion approach, for either restricted
false alarn probability or ninimun woightcd error type optiln, and
the a postericri probability approach. Receiver roliability is
shown to be a function of the distribution funAticna of likelihood
ratio. The existenco and uniqueness of solutions for the various
approaches is proved under gneral hypothesis.

PART II

The full power of the theory of cipl. detectability can
be applied to dotection iz Gaussian noise, and several general r -
oults are given. Six special cases are considurod, and the
expressionn for likelihood ratio are dorived. The resulting opti-
m receivers are evaluated by the distribution functions of the
A:,ellh,od ratio. In two of the special cases studied, the uncer-

L.' 2 -.e.o algrx ensemble can be varied, throing some light on
the effect of uncertainty or probabilit) of detection.
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TME MIY CF SIGNU~ MMrA*BILTY

PART I. THE GEflERA THE CRY

I SS, MD S EPAI.ETIY:

1'ART II. APPLICATION[S WITH
GALT'SIAfl NOISID

1. Conceptsa nd Thooretical RBulto

1.1 Inrducti=~

Random intorfeorenco plays the key roleo in tho thc:r. o! oiQitil dctec-

tability. It not only V~acoe a limit on the onor~j which a signal m1:st heyvo to

bo detected reliably, trit it alo' limita 1,1-o bandwidth of a receivor for strongC

oignagLn, or generally the var'iety of signls wrhich can bo dotectod consistently

in a given roceivor. Part I of this rcport presents the basic theory of detecting

airnalo in ra~re=o intorfcronve" JnM ~rt 1I alpplion it to c=- aim=Ploj~cc

design and evaluation of receivers. -

The signal detectability problem is represontod schematically in

Fig. 1.1. The oporator bas available a voltage varying with time, which will be

referrod to as the rocoivor input. This voltage is in some way different vl4' n

a ignal io preoont from when thore is noise alonc.

MMpP 2 =4
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TRANSMITTER11 NOISY CHANNE EEVROEAO

RICLIVER
INPUT

FIG. 1.1 . BLOCK DIAGRAM OF SIGNAL DETECTION PROBLEM.

The receiver is the opratorle tool or analyzinjC system, it cnabloo him to otudy

the input to tho receiver by observing the recoiver output. lie can use the

receiver input to his advantage only if' (1) the rocoivcr Input is different

when there is a oi~nal than when there is no signal, and (2) ho kniows ornough

about the oi.Gialo and the noise to analyrze the input sc ae to recognize the dif-

ferenco. The opertor can do better than random -uessine in dec itling whether or

not them Is a signal precent on~ly whon he has infox tion about the eignalo,

the noise, and hie receiver; thio must be recognized before treatingj this prob-

lam. The informationi about the oi(t2.1 and about the noise is usually of a

statistical nature b,-causo of the rand=m nature of noise, and the uncorlainty as

I Ult~o exact sairml that will be tranaLlitted.

Siguxl detectability has boon recognized ao a~ otatiotic.. ream by

a nan.')er o~f authors. 1There have been two distinct approaches to +i pt !'Aom.

The .1irat, the cr't--% ,, )pro'A..h, f'-; *. Tpron-L~ i~n fu l Signsby

. L ;uc and G. I. Uhionbock. The second, uoints a poseriori probability)

1156usoi and Uh3.enbeck, Ref. 1; Woedvard and Lavieo, Rofe. 2, 3, 14, and 5; Ileich
rind Swzrling, flazX 6; IXiddlotcmx, Ref. 7; Slattery, Pet. 8; Hance, Ref. 9;
chvaxz, Ra~$. 10; Horth, Ref. 11; X~plan and Fall, Pot. 12.

aova..;l Uhlonboc~.., Roy'. 1.
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iro otudicd by 1'. M. Woodtward and I. L. Davioo. 1 Jhe diffordncu Letween the

two methodo loo mainly in the approach. Both are presentod in this report,

and the very close connection between the results of the -wo will be demonsrtmod

in Section 2; namely, the basic receiver required can be the came for either

caoo, only the final manner of analysis and presentation of the output is differ-

ent. The criterion approach requires less of this analysis, and heo been given

more attontion in this report because it is sonewhat eimpler.

1.2 Dtetability Criteria

Suppose the operator is required to guess whether or not there is a

oignal present. He will, for certain rece..er inputs, say that a signal is

2
present. Such receiver inputs will be said to oatisfy the criterion, or 

tn be

in the criterion. Those receiver inputs which load him to guess that there is no

signal present are not in the criterion.

There are two distinct kinds of errors which the operator 
my make.

He may say there is a signal present if there is only noise; this is a false

alarm. Is may say there is only noise when signal plus noise is present; he

misses the signal. One of these errors may be more serious than the other, sc

that they must be considered serarately.

it will be convenient to use the ordixnary notation of p---lb l ty

theory. Events will be represented by letters, and in particular, the following

symbols will be used for the following events:

iDavies, Ref. 2., and Woodward and Davies, Ref. 3.

,e shall assume the operator is scientifically logical, i.e., 
for the jame

receiver input he will always give the soame response. An alternative approach

i described in Appendix A.

°.5
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SN There i sinal plus noise

N There is nciso alone
it The operator onayo thorc is a sict 1  ~. h rcio n~

is in thc criterion
CA The operator sayc thoro Li only noise, i.e., the rcccivcr

1 11,AL is not in, the criterion.

if 2 and C arc evcnts, P(B) is the probability of occurrence o0 cvent

B, P(B.C) is the probability of occurrence of events B and C together, and 1'z(C)

is the (conditional) probability of occurrencc of event C if cvolt B is knouw,

to occur.
From the stat~stical informtion given about the si~rl and the intor-

ference it turns out to be convenient to calculate P1I(A) and PSIj(A), because

these quantities do not dopord upon th. a priori probability that a siGnal 1s

prosen. This will be done in Part II of this r-port for some intorostinC casec.

If these probabilities, I1 :(A) and PS11. are given as well us p(SIi), the a priori

probability that a sigmal is present, then tlo probability of any combination of

the events in this discussion can be calculated. In fact, any throe (alcbrai-

cally) independent probabilitioo can be used to calculate all the others. That

there are just thre independent probebilitios can be cen by

noting that all of the eoonto discuosoo are cocilnationo of thj four ovonts 1:.A,

IN.A, SH.C., and U-CA, and any probabilltios can be calculated from the probabili-

ties of these four. But the sum of the probabilities of those four Is unity, so

ony three ot these are independent. Thus, for examnle,

P(SH'CA) - P'si) PS1 (CA) = P(SN) [ 1 - r 1 (A)(

P(A) a P(SN.A) + P(N.A)

P(
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An an alternative to requirinC the )perator to say whether a signal is

, it ,, uL, the operator ri&ht be aoaed what, to the boot of hin jiowlodgo,

i th- probability that a ni~ial in present. Thin approach hMs the advantage of

Ccttin ore inforiation from the receiving equipment. In fact Woodward and

Daviec point out that if the operator makes the best possible estimate of this

probability for each possible transmitted mcssage, he is supplying al the infor-

mation which his equipment can givo him. The mothod of making the beat estimate

of the a postoriori probability that a sipral is present will be discusscd in

this report. A good dhocussion of this approach Is also found in the original
2

papers by Woodward and Davies.

It is shown in Section 2 that the a po3toriari probability is given by

the fclowing equation:

p(31; 1 -Q C( P(S17 k.2
Exj P(SN) + 1 - P(SN) t1.2)

where Px(S!) is the a posteriorl probability for the receiver Input denoted by

x and .(x) io the likelihood ratio for the ame receiver input. Likelihood

ratio for a particular receiver input is usually defined as the ratio of proba-

billty density for that receiver input if there isiGnal plum noise to die

probability density if there is noise alone. It is a measure of haw likely that

receiver i miut to when there is o -- l pluo noise as compared with i ,en there is I

noise alone. It In a randoo variable; its .mlue depends upon what the receiver

inpu.t happens to be. If a receiver which has likeliho:xld ratio at its output

1?cf. 3.
2, 5, 4, and 5.

4 V '
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can be built, and if the a priori probability P(SN) io known, a pootcriorl proba-

bility can bo calculatod casily. The calcuiation could be built into the ru7cuvt'

calibration, making the receiver an aptimum receiver for obtaining a poateriorl

probabilV ty.

1#4 Optimmu Criteria

An important question is whether or not it is poseible to find the

optimum criterion for a given situation. A first atop toward the anower io to

define what is meant by optimum, and this definition depends upon the situation.

It my be possible to put a numerical value upon the correct responos and a

nmerical coot on the errors. Suppose

VSNA Value of the correct rooponse SN.A

Vii.c A  - Vhlue of the correct response N.CA

%NCA - Cost of the error SNCA

KN.A - Coot of the error N.A

Then

V V8N.AP(SN.A) + VNCAP(N.CA) - KSIICAP(SU.CA) . K.AP(.A) (1.4)

is the expected vitlue of the response of the equipment for a given criterion.

An optimum criterica than would be one which would maximize this expreosion.

Slate the later Ootdiona will calculate PN(A) and PSI;(A), it will be an advantaGe

to express the expected value V of the rcponao 111 terms of these quantitios,

V aV 11 AP(Sl) PsP(A) + 1 C1. P()] [1 - P(A)]

-KSIICAP(SN) 1 1 - PSI,(A)] uAl-Ps1]P~A

V , PSI (A) P(SI?) (VsIJ.A+ KSII*C) - ?,(A) Il - P(SII)} (VII1*A + KIIbA)

+ V11  CA - '(S1)] - ;NUCA P(3").

6
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mihuo fhximizing V ia ,quivalont to requiring that

Ps3(A- (A P (A) is a maximum, whore

(1.6)
o -P( N) ("If-C + "N.A)

P(TSN) (VI.A+ KNCASASN. CA '

Note th1at P(SN) -s the a priori probability that there is a si~al present.

In another caso it may be requtred to limit the probability of v false

alarm and to minimize the probability of a mlsaeo. signal with this restriction.

In symbols, it In rAqcuirnd that,

P(11.A) I Po
(1.7)

P(SN'CA) is a minimm.

This also cn be expresoed in termn of PN(A), PsNI(A)p and the a priori probability

P(SN):

P(N.A) - [l - P(8N)J PN(A) S Po, or PN(A)S k - 1 - PN) md

P(SN.CA, P(SN) [1 - Psl(A)] is a miniom, i.e., PsI(A) is a maximum.

1.5 Theoretical Romlts

Both of the above problems of findine an optimum criterion will bo

discussed in later sections, and it will be shown that under very general

" conditions both probl3ms have essentially the same solution. The optimum cri-

toron cottsisto of all rocoiver inputs with likelihood preator than some number (.

For the first type of optimu criterion, ( is the parameter in Eq. (1.6), and for

the second typo of criterion, ( can be determined from the value of the parameter

k in Eq. (1.8). It has al.eady been mentioned that a posteriori probability is

the simple function of likelihood ratio given in Eq. (1.2). Thus a receiver which

could calculate the likelihood ratio for each recciver input can be uod as an

S,untoriori probability typc receiver or as either of the criterion type
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r .. ivoro. Part II o: this report, which treate somo specific Caoon, deals

only with the likelihood ratio.

1.6 Receivr Evaluation1

Usually a receiver is judged on the basis of probability of falue

alarm if no signal is sent, i.e., PN(A), and the probability of detection if a

signal is sent, PN(A). The reliability of any receiver in any given situation

ct- be sum-arizod in one graph, called the receiver operating characteristic, on

which PsN(A) is plotted aginst PN(A). For any criterion and any fixed set of

eipals, there is fixed value for PsN(A) and a fixed value for PN(A). Thus the

criterion can be represented : t point on the receiver opurating characteristic

graph. A critorion-tye receiver ray operate at aW level (i.e., any value of

or am, value of K), and hence io represented by a curve. Two types of ol.. 4 hum

criteria have been discussed, and the graph points up the rolatin between

the two. In Fig. 1.2 curve (1) is based on optimum operation for which PSN(A) is

maximized for PN(A) fixed. Thus, no receiver can operate above the fir't curve.

The third curve is a lower limit in operation founi by rotating tho optimum

curve about the center point of the graph; it would result if an optimum receiver

operator minimized PsN(A), i.e., said no whenever he ohould say yes, and vice

versa. No receiver, no matter how poor, can be made to operate below the third

curve. The diagonal could be achieved by turning the receiver off and guessing,

in which case PsN(A) - PN(A).

In the next section it will be shown that the derivative of curve (1)

sketched in the lower plot, is the operating level p of the optimum receiver;

that is, if the elope at some point is , then the correspondinL optimum criterion

0only evaluation of criterion typo receiver is discucacd hero. Evaluation of an

a postzriori probability typo recoiver is considered in Section 2..

_ _ _ _ _ C _
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